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I. INTRODUCTION 
When an earthquake takes place the base of the structure is sub­
jected to a variable acceleration, and dynamics stresses are developed 
throughout the structure. The destructive effect of strong earthquakes 
on structures not specifically designed to withstand such stresses has 
demonstrated the need for methods of aseismic structural design. 
The attack on this problem has utilized three principal approaches: 
the accumulation of empirical data by study of actual earthquake damage, 
the performance of experiments on structures and structural models, 
and the making of analytical studies. This dissertation is of the last 
type and presents an analysis of certain phases of the earthquake 
problem. 
The response of a structure to an earthquake is essentially a vibra­
tion phenomenon therefore an analytical solution should be possible as a 
function of the mass, rigidity, and damping of the structure and also of 
the nature of the soil which supports the structure. However, certain 
practical difficulties are encountered in a straight-forward approach. 
First, it is not possible to know the intensity and characteristics of 
future earthquakes; hence, even if a complete analytical solution were 
possible, it would not suffice for a predetermination of earthquake stress­
es. Second, the precise physical properties of the structure which are 
pertinent to the problem are not readily determined; therefore it is not 
possible to predict what stresses will be produced by an unknown earth­
quake acting upon a structure the properties of which are not precisely 
known. 
2 
In order to obtain meaningful results it is necessary to restate the 
problem; instead of asking for actual magnitudes of the earthquake 
stresses, the following question may be asked: Assuming that future 
earthquakes will have approximately the same characteristics as past 
earthquakes, how should structures be designed so all parts have 
approximately the same factor of safety? 
To answer this question it is necessary, first, to determine the 
significant characteristics of past earthquakes, and then deduce the 
significant dynamic behavior of structures when subjected to such earth­
quakes. This dissertation presents, by making use of the latest analyt­
ical knowledge on the subject, a solution of the second phase of the 
problem. 
3 
n. THE MULTISTORY SHEAR BUILDING 
A. Definition and Assumptions 
Here the concern is particularly with the multistory building 
structure and the analysis will be based on the conventional assumptions 
of the multistory shear building. 
Briefly, a shear building may be defined as a structure in which 
there is no rotation of a horizontal section at the level of the floors. In 
this respect the deflected building will have many of the features of a 
cantilever beam deflected by shear forces only. To accomplish such a 
deflection in a building the following assumptions may be made: (1) that 
the total mass of the structure is concentrated at the level of the floors, 
(2) that the girders of the structure are infinitely rigid as compared to 
the column, and (3) that the deformation of the structure does not depend 
on the axial forces present in the columns. The first assumption makes 
possible the reduction of the problem from that of a structure with an 
infinite number of degrees of freedom (due to the distributed mass of 
the columns and girders) to a structure which has as many degrees of 
freedom as it has lumped masses at the floor levels. The second 
assumption leads to the requirement of joints which are fixed against 
rotation. The third assumption fixes the deformation in such a way that 
the girders will remain horizontal. This implies using assumption (2), 
that the columns retain vertical slopes at their ends and will thus act as 
fixed-end beams which are subjected to settlement of the supports in the 
direction normal to the beam axes. 
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It should be noted that it is not necessary to think of a shear 
building solely in terms of a single bay structure as long as the above 
stated assumptions are made. It is merely for convenience that a 
building is usually presented as a single bay structure. 
B. Differential Equations of Motion 
Here are presented the general differential equations of motion for a 
shear building of "n" stories subjected to the action of an earthquake 
which is characterized by a time-displacement function xQ = xQ(t) acting 
on the foundation of the building. 
In Figure 1 the floors are numbered from bottom to top. At the j 
floor the mass m^ is connected to the columns of the (j + 1) story 
above and to the j story below. The lateral displacement of the mass 
m.j is denoted by x^, and xq denotes displacement of the base of the 
building due to the effect of the earthquake. Figure 2 shows a complete 
free-body diagram of the mass ECU. The total shear forces and 
Vj which act on this mass through the columns of the adjacent stories 
are due to both the elastic and the damping actions. Let kj (spring 
constant) be the necessary shear in a given story to cause a unit relative 
horizontal displacement of adjacent floors levels. The study of this 
problem will begin with the hypothetical case of no damping and later on 
the damping effect will be introduced in the equations. Under this as­
sumption of zero damping the shear force V\ is due only to the elastic 
forces and in terms of the spring constant may be expressed as 
5 
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Figure 1. Shear building diagram Figure 2. Free body 
diagram of mass 
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(1) V.+1 - kj+1 (xj+1 - %j) 
and the equation of motion for the mass m. is 
(2> V - vj = mj xj 
replacing here V\^ and from (1) results in 
(3) 
- 
kj (xj " xj_l) + kj+i (xj+i "xj> = mjxj 
A similar equation for each mass of the structure may be written 
except for the equations corresponding to the masses in the first and 
last floors. 
Now the system of differential equations for the motion of the "n" 
lumped masses of the structure is written in full: 
-  k j  ( X j  -  X q )  +  k 2  ( x 2  -  X j )  =  m 1  X j  
- k2 (x_, - Xj) + kg (x3 - x2) = mj x2 
(4) - k3 (x3 - x2) + k4 (x4 - x3) = m3 x3 
k
n 
(xn " Vl1 
Now tiie variables are changed by 
x = x'. + x where x is the J J o o 
structure due to the earthquake. If this transformation is performed and 
(4a) . displacement at the base of the 
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the terms are reordered, Equations (4) may be written as 
ml x *1 + (ki + k^) x'L - k2 x» = m1 a(t) 
m2 x 2 ~ k2 X 1 + ^2 + k3^ x 2 ~ k3 X 3 = m2 a(t) 
(5) m3 x'j - kg x'2 + (kg + k = m3 a(t) 
= mQ a(t) 
where the acceleration of the ground xQ has been designated by 
(6) XQ = - a(t) . 
Equations (5), being a system of non-homogeneous linear differential 
equations, will have a solution given by the sum of the solution of the 
homogeneous system, that is the one obtained by making the right-hand 
side of the equations equal zero, plus a particular solution for the 
system. 
Following very closely the derivation given by G. L. Rogers (10) a 
transformation will be presented here by which this system of coupled 
differential equations will be reduced to a system of uncoupled equations, 
that is, a system in which every equation contains only one of the 
variables. But before this is done, a short review of matrix algebra 
which is profitably used in this transformation will be given. 
C. Brief Review of Matrix Algebra 
A set of linear algebraic equations of the form 
a l l x l + a 1 2 X 2  +  +  a I n x n  =  C I  
(7) a21 xj + a22 *2 + + a2n *n = =2 
a T x. + a _ x + 
ml 1 m2 2 
+ a x = c 
mn n m 
may be written in a condensed form using matrix notation. 
The rectangular array of these coefficients is called the matrix of 
the coefficients and it is conventionally represented by 
(8) S = 
aij 
all al2 a13 
a21 a22 a23 
a31 a32 a33 
aml am2 am3 
In 
2n 
3n 
mn 
and the set of x values and also the set of c values are represented by 
a single column matrix. Thus 
whereas the arrows are used here to indicate matrices. 
With these notations Equation (7) may be written in either of the 
following ways: 
or a x = c (10) [aij] [xt] = [ci] 
Any equation of (7) may also be written in the form 
(11) 2 a., x^ = c. where i = 1, 2, 3 
k=l ^ k 1 
m 
Therefore Equation (10) may be written as 
(12) a.. X. — S ij I k=I lik *k 
From (12) the definition of matrix multiplication is established. 
In general the expansion 
^ aik bkj " ail bIj + ai2 b2j + ai3 b3j + + atn bnj 
is defined as the inner product or scalar product of the i row of the 
matrix |a. fj with the j th column of matrix by 
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The product of two matrices may now be written in general as 
(13) aij = a b = 2 a k ik \j 
The product (a ™6) is defined only if the numbers of columns in a* 
equals the numbers of rows in b. It is easily verified that the product 
(à* t>) is not necessarily the same as the product (b a). Confusion will 
be avoided if the first is spoken of as the matrix b premultiplied by the 
matrix "a and the second as the matrix b postmultiplied by the matrix "a. 
The sum of two matrices is given by 
(14) a.. + b.. a.. + b.. ij ij ij iJ„ 
The product of a constant ^ and a matrix a is given by 
(15) A "a "A aij Aaij 
Further, it should be noted that addition of matrices is commutative 
(16) "a* + b = + "a 
and associative 
(17) a + (b + c) - (a + b) + c 
Also, the multiplication of matrices is associative 
(18) ~a (îT ~c) = (a ~£) ~c" 
11 
Associated with any square matrix is the determinant 
(19) |a I = |a_ 
all a12 aln 
a21 a22 a2n 
anl an2 ann 
The minor M.j of any element a„ is the determinant a, wherein 
all the elements of the i th row and the j th column have been deleted. 
The cofactor A.. of any element a.. is defined by the relation ij ij 
(20) Ay = '-1' 
i+j M.. ij 
For a set of linear algebraic equations, Cramer's rule for finding the 
value of any of the unknown, say xg , is 
(21) x 
where the symbol |ag| is used to denote the determinant of the 
coefficients of x with the elements of the s column replaced by the 
elements of the c matrix. If the set of algebraic equations is homo­
geneous, all the elements of the matrix ~~c will be zero, and xg will 
have the value zero unless the determinant |a] is zero itself, in which 
case the values of x are not defined. 
s 
In general, for a set of linear, algebraic, homogeneous equations to 
have nontrivial solutions (XQ 4 0), it is necessary that the determinant 
of the coefficient matrix be equal to zero. 
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Several other matrix forms will now be defined. 
(a) Transpose of "a, designated by a , and defined as 
1 
M
 
M
 
a21 
(22) ~aT = jVu.j = a12 a22 m2 
. 
ain 
a2n mn 
It is easily verified that 
(23) (t b)T = "ET TT 
(b) Adjoint ~~a, designated by Adj If, and defined by 
(24) Adj a = M* 
[An A21 " ' " ....Ani" 
"
A12 A22 ' " ' ' An2 
Al= A2n ••••Ann_ 
where A., is the cofactor of a., and where the matrix is square, ij % 
From this it can be shown that 
(25) Adj (T ™b) = (Adj t . Adj "a) . 
(c) Unit matrix, designated by I, a square matrix defined by 
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(26) I = 
1 0 0 0 0 
0 1 0 0 0 
0 0 0 0 1 
(d) Null matrix, in which all elements are zero 
(e) Diagonal matrix, in which there is a square array of 
numbers with all equal to zero except those on the principal diagonal. 
This matrix is defined by 
(27) d = " d. "d. l ij J iJ 
_ 
where Kroneker delta, 3"^. has the meaning 
(28) X pq 
when p 4 q 
when p = q 
(f) Scalar matrix, a diagonal matrix with all elements of the 
diagonal equal one another. 
(g) Singular matrix, a square matrix whose determinant vanish­
es 
(h) Symmetric matrix in which a„ = a^ 
(i) Skew-symmetric matrix, in which a.. = -a., and a.. = 0 
w 3 ij ji n 
(j) Inverse matrix (or reciprocal matrix) of If, designated 
by "a and defined by 
(29) "a "a = "a T = I —• —»-1 or a = a 
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where 
A.. 
(30) a = -Ji-
3 ft I 
Note that 
(31) (a ^)_I = T"1 a"1 
(k) Hermitian matrix, a square matrix whose elements are 
complex quantities and whose symmetrically located elements are com­
plex conjugate. 
A single column-matrix 3c or its transpose, the single-row matrix 
-* T 
x , is sometimes spoken of as a vector. The elements of the vector 
Xj x^ Xg x^ may be considered as being the components of x in 
the x| x2 xn directions. The length L of the vector is given by 
(32) L2 = "x *** . x = x2 + x ^  + + x2 
If L = 1, the vector is said to be a unit vector. It is denoted by xT. 
The scalar product of two vectors a and Tj is 3T ^ 1) = b ^ % 
When this product is zero the vectors are said to be orthogonal. 
D. Transformation of the Equations of Motion 
into a System of Uncoupled Equations 
1. Undamped free motion 
Following the treatment given by G. L. Rogers (10) the transforma­
tion of the system of coupled Equations (5) into a system of uncoupled 
15 
differential equations will be presented. It will be done first for the 
simple case of undamped free motion and then introduced into the equation 
will be the damping force and the external forces on the system, which 
for this problem are the forces due to the action of the earthquake. 
Equations (5) for the case of undamped free motion are in general of 
the form 
all X1 + a12 x2 + + aln Xn = "ml X1 
<33> a21 X1 + a22 x2+ + a2n xn = "m2 *2 
a - x, + a _ x_ + + a x = -m x . 
ni 1 nZ 2 nn n n n 
For free vibration of the undamped structure, solutions of the form 
(34) x. = X. cos pt 
are investigated. Where is the amplitude of the motion, x^ from 
(34) is substituted in (33) to obtain 
all X1 + a12 X2 + + al= Xn = P2 ml X1 
(35) a-21 X1 + a22 X2 + + a2n Xn " p m2 X2 
anl XI + an2 X2+ + ann Xn = ** mn Xn 
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This set of equations may be expressed in the matrix form 
(36) "a = pi M X. ri l 
Where p. is any one of "n" values possibles for the frequency p and 
the corresponding characteris 
more convenient form for (36) is 
X. tic vector. M is a diagonal matrix. A 
(37) (a - p. M) X = 
1 i 
By Cramer's rule the set (37) of algebraic, linear, homogeneous 
equations can have other than trivial solution for X^ only if the deter­
minant of the coefficients of X^ vanishes. This implies the necessity of 
(38) a - p 2 1Z 
(an " P\ Mj) a12 ' * aln 
a21 (a22 " Pi M 2 ) . .  a2n 
a._ _ 31 
anl • • {ann"P i Mn } 
= 0 . 
Upon expanding this determinant an n-th order equation in p2 is 
obtained. For each value of p2 there will be a corresponding X. . 
Two characteristic vectors for the problem are denoted by the symbols 
X y and X^ and their corresponding frequencies by p^., and p^. 
With the use of (36) 
(39) 
(40) 
a X . = p. M X. 
J J J 
Xk = P2k M Xfc 
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Now the transpose of (39) is premultiplied by and (40) is 
premultiplied by to give 
(41) (a 3?.)T ^ = p* (M X.)T Xk 
(42) 3t.T (a X^) = p^ X.T (M 3Ç) . 
From the definition of transpose and the use of (23) these may be 
written as 
(42) XjT aT 3fk = p» }tT MT 2^ 
(43) X.T % X^ = p2k X,T W Xk . 
— f  —>T Since M is a diagonal matrix, it is equal to its transpose M , and 
if the matrix "a is a symmetric matrix, then it is also equal to its trans-
T pose, "if . For an elastic structure, there will usually be, by virtue of 
the reciprocity theorem of Maxwell, a symmetric a matrix. In this case 
the left-hand sides of (42) and (43) are equal and thus the right-hand 
sides of these equations must also be equal. From this, 
(44) (p! - p|. ) "X.T M = 0 
and if Pj and p^ are not equal, it follows that 
(45) ™X.T ~M 3^ = 0. 
This last relationship states that the vectors X . and X , are 
J K 
orthogonal with respect to the weighting matrix M. 
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From (44) it is observed that if p. = p^ and X ^ then the 
condition is satisfied regardless of the value of p, so X. M X. is not 
necessarily equal to zero. The length L of the vector ™5?\ is defined in 
terms of the weighting matrix to be 
(46) iJi = X.T M X 
Dividing by L. 
f r, (47) 1 = —— M 
Li. L. 1 1 
The quantity X^ / is called a unit vector and designated by "ëî , 
so (47) may be written as 
(48) ~e.T "M "e. = 1 
v 
' XI 
The vectors ™e7 are said to be normalized since they satisfy (48). 
Now the possibility should be investigated of transforming a vector X. 
into a vector XI, such that the coefficient matrix of (36) will be a 
diagonal matrix. This is begun with "n" distinct characteristic numbers 
p^,, p^, p g p^, their associated characteristic vectors X^, 3^ .. 
. . . .  X  ,  a n d  t h e i r  u n i t  v e c t o r s  " e "  . ,  1 ?  -  I f  .  A l s o  t h e  matrix 
n L l .i l  
Q is defined as 
19 
\l e21 -  % , 1  
(49) cP = e12 e22 * * * en2 
eln ®2n nn 
where the elements of any column are the components of one of the unit 
characteristic vectors. Equation (36) is divided by 
L. = | 3C.T M X\ 
to obtain 
(50) — »  7  g  ,  r  - »  a e. = p. M e . l l l 
Equation (50) written in the enclosed form is 
(51) a Q = M Q A 
where 
(52) A = 
Pi 
0 
0 
.2 
0 
0 
0 
0 
0 0 
Equation (51) premultiplied by Q and with the use of 
(53) Q T H 1Î = I 
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results in 
(54) "5T To- =7\T . 
Now with the identities (53) and (54) the basic equations of motion 
(55) TV'-*, M  x ' + a x ' = 0 
are treated directly and substituting 
(56) = IT IT" 
in Equation (55) and premultiplying by Q yields 
(57) ~5T ÏZ '5 9' + "QT"? Q T" = 0 
Now using (53) and (54) gives 
(58) if" + ÂT 1?" = 0 
which written in full is 
(59) 
-
xl" 
x 2 
... 
+ 
x " 
n 
Pi 
0 -2 
0 0 
p- 0 
0 
0 
0 0 
Performing the multiplication of the matrices in (59) and equating to 
zero the elements of the resulting matrix gives the following system: 
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(60) 
X j "  +  p 2 j  x " j  =  0  
x 2" + P2 x"2 = 0 
x " + p2 x" = 0 
n n n 
Therefore the set of "n" coupled Equations (33) has been successfully 
reduced to a set of "n" uncoupled Equations (60), whose general solution 
is 
(61) x". = X". cos (p.t - a). \  1  1 1 1Jri 
If x". from (61) is used in (56) the solution will be obtained in function 
of the variables xt. 
2. Undamped forced motion 
The original system of Equations (5) in matrix notations may be 
written as 
(62) M x1 + ~a*~x ' = a (t) 
where a (t) is a single column matrix having as its elements any 
externally applied time - dependent accelerations. The change of variables 
(63) T' = ~ Q ~ Z "  
is made in (62) resulting in 
(64) M *Q "X" + "a "Q ~x " = M a~(t). 
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Now this equation is premultiplied by Q so that 
(65) Q x M Q x 11 + Q a Q x " = Q Ma (t). 
With the use of (53) and (54) 
(66) x " + yy x " = Q M a (t) 
where is given as before by (52). 
It is observed that (66) is again a system of uncoupled differential 
equations. 
3. Damped forced motion 
Finally, to the basic equations of motion (5) terms are added corre­
sponding to the damping forces which may be present in the system. As 
it is usually done for the sake of analytical simplicity, the assumption of 
viscous damping is made here. So for this case the basic differential 
equations of motion in matrix notation assume the form 
(67) M x' + c x ' + ax' = M a (t) 
where c is a diagonal matrix representing the coefficients of damping. 
Again x 1 = Q x " is replaced in (67) to give 
(68) MQxM + cQxM + aQxM = Ma (t). 
—- T Now, premultiplying through by Q and after using the identities 
(53) and (54) results in 
(69) x" + Q c Q x " + x " = Q Ma (t). 
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Let the matrix Q ^ ~c 15* be denoted as 
(70) "3 T "c ^ = 2"n . 
When ~c* is a scalar matrix, that is, when all damping coefficients 
are assumed to have the same value, ~~n will be a diagonal matrix. 
With the use of (70) in Equation (69) 
(71) IT" + 2 ITT" + yf"x " =~Q T ~ M  a (t) . 
Again a system of uncoupled equations has been obtained. The prob­
lem of damped forced motion may be solved by either stating the coeffi­
cients c^ for each velocity or by stating a coefficient n. for each 
principal mode of vibration. If the c^ values are given, the values of n. 
may be found from (70). If the values of n^ are given (70) may be pre-
multiplied by Q and postmultiplied by "3 * and then the relation ^ 
= Q is used to find 
(72) T = 2 "Q C? T 
which may be used to determine the c^ values when values are given. 
Little information is now available on damping in buildings. White (14) 
reports a damping study on a monolithic reinforced-concrete building. 
His results indicate that the damping in the buildings was approximately 
7% of critical damping. Experimental results gathered by Mindlin (8) 
suggest that the amount of damping varies proportionally with the 
frequency of the vibration. 
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Equation (71) represents in matrix notation a system of uncoupled 
linear differential equations of the second order with constant coefficients. 
The solution of these equations can easily be found by analytical 
procedures when the forcing functions on the right-hand members are 
given by analytical expressions. When the forcing functions are not 
given by analytical expressions, for example when the forcing function is 
given by a graph, then solution of (71) may be found by numerical method 
of integration or using other methods such as the use of analog computers. 
Later this last approach will be used in solving the uncoupled equation of 
motion with a forcing function due to the action of an earthquake on a 
building. 
Once the solutions for the uncoupled equations of the system (71) are 
obtained for the variables x", it is only necessary to use (63) to obtain 
the solution of the system in terms of the original variables x*. 
E. Application to a Three-Story Building 
Figure 3 shows a three-story bay bent which will be solved under the 
assumptions of the shear building and in a later section of this dissertation 
this same structure will be solved under somewhat less restricted 
assumptions. 
Under the assumptions of the shear building the masses of this 
structure are lumped at story levels and have the magnitudes indicated in 
Table 1, where also are shown the values of the spring constant corre­
sponding to each story. 
25 
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Figure 3. Shallow-braced bent diagram 
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Table 1. Mass and spring constant values for the shear building in 
Figure 3 
Floor 
Item Unit 1° 2° 3° 
k. 
J 
mj 
l b -  f t " 1  
lb- sec2-ft 1 
3,600,000 
5,400 
3,240,000 
5,400 
2,880, 000 
5,400 
The problem of free motion and no damping is solved first. The 
governing differential equations in this case are 
rrij x j1 = -kj xXj + k^(x^ - x^) 
(73) m2 x2* = -k2 (x* - x^) + k^ (x*3 - x^) 
m3 X3! = -k3 (x'3 - x*2) 
for free vibration the solution 
x*j = Xj cos (p t + a) 
(74) x*2 = X2 cos (p t + a) 
xr3 = X3 cos (p t + a) 
is assumed, and by use of the numerical values from Table 1 and by re­
placing (74) in Equations (73) the following algebraic equations are 
obtained: 
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6,840,000 X% - 3,240,000 X% = 5,400 p2 X. 
(75) - 3, 240, 000 X^ + 6, 120, 000 X^- 2, 880, 000 X^ = 5,400 p2 X^ 
- 2, 880, 000 X2 + 2,880, 000 Xg = 5, 400 p2 X^ 
by the use of matrix notation system (75) assumes the form 
where 
a X = M p2 X 
6,840,000 - 3, 240,000 
(76) "a* = 
-3 240,000 + 6, 120,000 - 2 ,880,000 
0 - 2, 880,000 + 2 ,880,000 
5,400 0 0 
(77) ~M = 0 5400 0 
0 0 5400 
• 
The determinant associated with the form 
(78) {T - JZ p2) IT = o 
is set equal to zero and after division by 5,400 yields to 
(79) 
1, 267 - p2 
- 6 0 0  
0 
-600 0 
1,133-p2 -533 
-533 533 - p2 
= 0 
TVirpanriing this determinant gives the following cubic equation in p' 
p6 - 2,933 p4 + 2,070,622 p2 -213,306,600 = 0 
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which has the roots 
(80) p2 = 124.1 p22 = 904 P23 = 1900 
and the corresponding natural frequencies and periods are 
Pj = 11. 14 rad/sec Tj = 0. 54 sec/cycle 
(81) p2 = 30.07 rad/sec T2 = 0.21 sec/cycle 
P3 = 43. 64 rad/sec = 0. 14 sec/cycle 
Associated with each value p are found from (75) the corresponding 
characteristic vectors in terms of arbitrary constants 
jc^ , 1.905 j , 2.483 Cl 
^, 0.604 2 ,-0.867 C2" 
|C3 ,-1.063 3 , 0.413 C31 . 
The lengths of these vectors are given by (46). Since in this problem 
M is a scalar matrix equations of motion (55) or the more general 
equations (66) or 71), can be divided by M. In this way the length of the 
vectors (82) is given by 
The numerical values corresponding to the vectors (82) are 
Lj  =  3 .29  C 1  
(84) L2 = 1.46 C2 
L 3  = 1 .51  C 3  .  
(82) 
X, = 
X. = 
x„ = 
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The corresponding unit vectors are 
(85) 
e, = 
e2 = 
e3 = 
[0.304, 0.580, 0.756] 
[0.687, 0.415,-0.596] 
[0. 659, -0.701, 0. 272j 
The matrix Q defined by (49) becomes 
(86) Q = 
0.304 0.687 0.659 
0.580 0.415 -0.701 
0.756 -0.596 0.272 
Now the transformation indicated by (56) 
x 1 = Q x " 
is made and which written in full is 
V 0.304 0.687 0.659 V 
(87) x2 = 0.580 0.415 -0.701 x*2 
X3 0. 756 -0. 596 0. 272 x"3 
Performing the multiplication of the matrices in the right-hand side 
and equating terms produces 
0. 304 x'j + 0. 687 x"2 + 0. 659 x"3 
(88) 0. 580 x"x + 0.415 x"2 0 . 7 0 1  x" 
0.756 x" 0. 596 x"2 + 0. 272 x»3 A3 1 
By means of this transformation the uncoupled equations given by (60) 
are obtained, which in the present case are 
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Xj" + 124. 1 x'| = 0 
(89) x'2" + 904 x" = 0 
x3" + 1900 x1^ = 0 
Now that the natural frequencies of vibration and the matrix Q have 
been obtained, the solution or the structure when it is acted upon by an 
earthquake characterized by an acceleration xQ = - a(t) is obtained. 
For the case of viscous damping the equations of motion, as has been 
shown, are given by (71) which are here repeated because the equations 
in this case have been divided by the scalar matrix M* before its 
constants were computed. 
These equations are then 
• •• • » - > • -* T • — f (90) x "  + 2 n x "  +  yy X "  = Q a(t) 
where the diagonal matrix 2 la" is given by (70) which is rewritten here 
as 
(91) 2 n =™5 T "c ~Q. 
A  procedure may be followed either by stating the coefficient "c* for 
each velocity or by stating a coefficient 1? for each principal mode of 
vibration. The latter approach was adopted here and the coefficients ~n 
were considered to be equal to the product of the damping relative to the 
critical damping multiplied by the corresponding natural circular 
frequency. That is 
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(92) 
*11 0  0  
0 n22 0 
0 On 33 
ÎP1 0 0 
0 t 0 
) P 2  
fp3 
where 
(93) h 
-crit 
Now writing the matrices of (90) in full produces 
(94) 
x ' 
+2 
nll 0 0 
n22 0 
0 n 33 
Pi 
0 
0 
P22 0 "2 
-n 
ell e21 e31 'a(t)" 
e12 e22 e32 
a(t) 
e13 e23 e33_ a(t) 
Introducing the numerical values in the problem produces 
124. 1 0 0 xf 
(95) X2 4-2 i 
x » 3 
11.4 
0 
0 0 4' 
30.07 0 x2 + 
0 43.64 x'« 3 
904 0 
0 1900 
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0.304 0.580 0.756 " a(t) 
0.687 0.415 -0.596 a(t) 
0.659 -0.701 0.272 a(t) 
Performing the operations in (95) and matching terms yields finally the 
uncoupled equations of motion 
x^' + 2 . ^ (11.4) x'£ + 124. 1 x^' = 1.640 a(t) 
(96) + 2. | (30. 07)x% + 904 ' x" = 0.506 a(t) 
xg + 2 . j (43. 64)x" + 1900 x" = 0.230 a(t). 
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IE. THE SHALLOW-BRACED BENT STRUCTURE 
A. Definition and Basic Equations 
Although the shear building discussed in the previous chapter allows 
a rather simple analytical solution, the results give a satisfactory 
approximation only for a building that closely satisfies the assumptions 
made for this type of structure. Briefly these basic assumptions are 
(1) Lumped masses at the floor level; (2) Girders infinitely rigid; and 
(3) Negligible effect of the actual forces acting on the columns. 
Of these assumptions (2) is perhaps the most difficult to accept for 
some types of buildings, in particular for the so-called braced bent 
structure, which is a multistory rectilinear frame consisting of integrally 
connected columns and girders without diagonal bracing. This is one of 
the most common type of tall building structure, and is widely used in 
earthquake zones. 
Even with the simplifying assumptions (1) and (3) the dynamics 
problems of the shallow-braced tall buildings are complicated. The 
accurate determination of the displacements and stresses in this type of 
building, even only under static transverse loading, is generally known 
to be a tedious if not a difficult problem. 
Presented here is a method developed by Goldberg (4) which takes 
into account the flexibility of the girders. By this method it is possible 
to determine with relative simplicity the normal modes and the 
frequencies of free vibration to any desired degree of accuracy. 
The equations upon which this procedure is based are derived from 
the well known slope -deflection equations, with the introduction of a 
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single simplifying assumptions, namely, that the individual rotations of 
joints at a given floor or level have the same value, so they may be re­
placed by an average value. 
The fundamental slope-deflection formula relates the bending moment 
at one end of a member to the end slopes and to the relative transverse 
displacement of the ends. In applying this formula, two classes of 
equilibrium equations are written: (1) The joints equations, which state 
that the sum of the moments acting upon each joint is zero; and (2) The 
shear equations, one for each story, which state that the sum of the 
column shears at each story must be equal to the applied transverse load. 
Body forces must, of course, be included in dynamics problems. 
Generally, it is assumed that the horizontal displacement of all 
joints in a given frame at a given floor level will be the same. Thus, 
only one relative transverse displacement need be defined for all col­
umns of one story. 
The basic slope-deflection equation which gives the moment exerted 
by the member ab upon the joint at the end a is 
All the other symbols have the conventional meaning. 
Similarly, the moment exerted by the member ab upon the joint at 
end b is 
(97) Mab = Kab (3 f - 2 Qa ~ °b> 
where 
(98) 
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(99) Mba = Kab <3 Y " 2 6b " °a>-
If equations (97) and (99) are applied to each column of the j story 
the corresponding bent equilibrium equation for this level results in 
(100) (2 KC) (6 <f. - 3 0. - 3 0. .) = S. h. 
J J J J-1 J J 
or 
(101) (2 KC) (6 F. - 3 0. - 3 0J_1) = M. 
where Sj is the total shear force at j story columns and h^. is the 
height of the j story columns. The index "c" indicates columns. 
The sum of the moments at the top of j story columns is 
(102) M? . , = (2 K?) (3 Y. - 2 6. - 0. . ) . 
J 'J J J-l 
Eliminating y. between equations (101) and (102) gives 
M. 0. - 0. . 
<103> = Y- ' (2Kj> J  2  J  •  
Similarly, the moments at the basis of the columns immediately 
above the j floor may be written 
_ M. j. 0. - 9.,. 
(104) Mj>j+1 = -ftl - (2 K=+1) ] • 
For the girders or beams, the relative vertical displacement may be 
neglected and with the assumption that the rotations at all joints of the j 
level are equal, the moment at either end of the girder becomes, by 
equation (99) 
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(105) = - KP (3 Q.) 
and for both ends of all girders at the j level 
(106) 2 M? = - 6 (2 K?) 0. 
J J J 
The sum of the moments acting at each joint of the j level must be 
zero, and consequently the sum of the moments acting upon all the 
joints at the j level must be zero. Hence 
(107) 2 MG + M? . , + MC .,. = 0. 
J J.J-1 J,J+1 
Replacing in the above equation the corresponding expressions from 
(103), (104) and (106), and rearranging terms result in 
(108) - 2 K? 0. i •+• (12 2K° + 2K? + 2KC. 1)0.-2K?,. 0... = M. + M. . . J J-l J J J+l J J+l J+l J J+l 
In addition to equation (108) the procedure makes use of (101) in the 
form 
M. 0. - 0 
(109) y. = 3-r + 3 > J" 
6 SKj 
and the definition 
(110) X. - X J - Aj = Yj " j  
where X^. is the absolute displacement at level j. 
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By this procedure natural frequencies and mode shapes can be 
determined by trial and error to any desired degree of accuracy. 
If a trial value for the natural frequency p is selected the dis­
placement of the top level is taken to be one, the amplitude of the 
inertia force at this level will be 
(HI) Fn = mn p2 Xn = mn p2. 
F^ is equal also to the shear acting at this level. Using (100) 
and (101) results in 
(112) M = Sh = m p2 h 
n n n n r n 
Now if equation (108) with n = j and j+l non existent is used, the 
relation between 0^ and 0^ ^ is found. is computed by use of 
equation (109) and X^ ^ is found in terms of 6^ ^ by use of Equation 
(110). 
The inertia force M , p2 X , at the level n-1 is thus established 
n-i n-i. 
in terms of 0 , and hence S . and M T are likewise established n-1 n-1 n-i 
in terms of 0^ Now the application of (108) with j = n-1 yields to an 
expression for 0^ j in terms of 6^ Equations (109) and (110) now 
can be used to express V , and then X _ in terms of 0 _. 
' n-1 n-2 n-2 
This same program is carried on successively at each story. In this 
manner X , the amplitude at the ground associated with a unit amplitude 
o 
at the top, is finally found in terms 0q, the rotation of the lowest story 
columns. Use of the boundary condition at the bottom provides an 
additional relation to evaluate XQ. Thus, for example, if the bases of 
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the columns are clamped against rotation, 0q = 0, this condition and the 
previous relation between Xq and 0Q yields to a numerical value of XQ. 
Generally, Xq as computed will differ from the prescribed 
boundary value, for example from XQ = 0, if the basis of the frame is 
fixed against translation. In this case the computations are repeated 
over and over with a new trial frequency until the residual amplitude Xq 
is considered negligible. 
B. Application to a Three-Story Building 
For the purposes of illustration of this procedure the natural 
frequencies and modes of the three-story frame shown in Figure 3 have 
been calculated. With these values and with the same procedure as that 
used in the case of the shear building, the effect of an earthquake on this 
frame was analyzed. 
The structural and mass properties of this frame are listed in 
Table 2. 
Table 2. Structural and mass properties for the shallow-braced bent 
Floor 
Item 
m, 
k c L z  
SKr -4r 
62 K 
Unit 
-1 lb-ft 
Ib-sec^-ft"1 
j 
12 2KG 
12 SKG+SKC+ SK!;. J J j+l lb-ft 
3, 600, 000 
5,400 
lb-ft 86.4(10°) 
lb-ft 518.4(10°) 
lb-ft 1035 (10°) 
1199.  16 (I06)  
3, 240, 000 
5,400 
77. 76 (106) 
1035 (10 ) 
2, 880, 000 
5, 400 
69. 12 (106) 
466. 56 (10 ) 414.72 (10°) 
1035 (10 ) 
1181. 88 (10°) 1104. 12(10 ) 
Table 2. (continued) 
Floor 
Item Unit 
1° 2° 3° 
K. 
0.01157407(10"6) 0. 0I286008(10™6) 0. 01446759(10"6) 
Q = 
12SK? + SK? + SK? , 
J J J-1 13.879166 15.199074 15.973958 
SK j 
SK 
P = SK, 
J+l 0.9000000 0.888889 
Y = 
6SK? 
0.00192901(10'6) 0.00214335(10-6) 0. 00241226(10-6) 
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For the first trial it was assumed that p = 20 rad/sec and the 
computations were made following the program outlined by Goldberg (4). 
A desk calculator was used in the computations. Table 3 shows in 
detail the operations for this first trial. A large residual value XQ = 
-1. 025072 was found indicating that the trial value p = 20 was rather 
far from any of the true frequency values. Also observation of the signs 
of the computed displacements given in (114) indicates that there would 
be two nodes if Xq = 0; so p = 20 is close to the second natural 
frequency, between the first and the second. 
As a second trial p = 10 rad/sec was used, and a residual value 
Xq = -0. 22250755 was obtained. A linear extrapolation between these 
two residuals would give a good value for a third trial frequency. 
A total of fourteen trials was undertaken to find the three natural 
frequencies and the mode shapes for this frame. For the various trial 
frequencies which were used, the computed amplitudes at the base 
associated with unit amplitudes at the top were plotted in Figure 4. The 
natural frequencies are the zeros of this curve. 
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Table 3. Computation of natural frequencies (Trial value p = 20 rad/sec) 
Step Item Description Value 
1 F3 mp
2 X3 2,160, 000 
2 S3 F3 2, 160, 000 
3 M3 ^3^3 25,920,000 
4a a3°3 +15.973958 03 
4b -6 ^M3 (-0.01446759)10 "6M3 -0.37500000 
4 E2 (108) 4a + 4b +15.973958 03 -0.375000000 
5 e3 +0. 06260I8802 +0.0234757 
6a 3M3 0.00241126(10" "
6)M3 +0.06250000 
6b 03/2 +0. O313OO9402 +0.1173780 
6c +0.5OOOOOOO02 
6 r3 (109) 6a + 6b + 6c +0.5315OO9402 +0.07423780 
7 ^3 Y3 +6.3756112802 +0.89085360 
8 X2 (110) =3- *3 -6.37561I28©2 +0.10914640 
1 F2 mp
2X2 -13,77l320:4ie2 +235,756.22 
2 S2 - 13,771320.4192 +2,395,756.22 
3 M2 -165,255,840. 00 ©2 +28,749,074.40 
4a a2°2 +15.199074 02 
4b 
~^2°2 -0.8888888863 -0. 0556461102 -0.02086729 
4c -6 *ZMZ -O.01286008(10 (M S +2.1252033202 -0.36971540 
4d 
-6 r2Mj -0. 0128600810" M3 -0.33333327 
Table 3. (continued) 
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Step Item Description Value 
4 ei 4a + 4b + 4c + 4d +17.268631OO02 -0.72391596 
5 
°2 +0.O579O84701 +0.04192086 
6a -13,771,320.410^ -797,476. O70l -577,305.58 
6b +2,395,756. 22 
6 S2 6a + 6b -797,476,070^ +1,818,450.60 
7 M2 L2 S2 -9,569,712.840^ +21,821,400. 00 
8a -6.3756112802 -0.369O19O01 -0.26727111 
8b +0. 10914640 
8 X2 8a + 8b -0.369201900^ -0.15812471 
9a 2M2 
0.00214335(I0"6)M3 -0.O2O5I1240J +0.04677090 
9b e2/2 +0.028954230^ +0.02096043 
9c Oj/2 +0.5OOOOOOO01 
9 2 9a + 9b + 9c +0. 5O8443O01 +0.067731330 
10 2 l2 y2 +6.IO1316O0J +0.812277596 
11 X1 X2 " ^ 2 -6.47051790^ -0.97090067 
1 F1 mp
2 Xj -13,986, 386. 640 ^  -2,097, 145.45 
2 S1 S2 + Fl -14, 783,862. 000% -278,695.40 
3 Mi L1 S1 -177, 406, 344. 000^ -3,344, 344.80 
4a °1°1 +13.87916601 
4b 
"Pl°2 -0.900000000^ -0. 0521176 0j -0.03772877 
Table 3. (continued) 
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Step Item Description Value 
4c 
- 6 ^ M j  +2.0533129©! +0.03870767 
4d -6 % +0.1107605©! -0.25256241 
4 ©
 
o
 ii o
 
15.991122©! -0.25158351 
5 +0.01573270 
6a -14,783,8620! -232, 590. 06 
6b -278,695.40 
6 S1 -511, 285.46 
7 Mi - 6 ,  1 3 5 , 4 2 5 . 5 2  
8a -6.470517901 -0.10179872 
8b -0.97090067 
8 X1 -1.07269939 
9a TIM1 0.00192901(10"^! -0.01183530 
9b S j / 2  +0.00786635 
9c 9 0 / 2 = 0  
9 Yi 9a + 9b + 9c -0.00396835 
10 4 Li f i  -0.04762740 
11 X0 xi - 4 -1.025072 
45 
1.0 
p rad/sec 20 
1.0 
Figure 4. Frequency vs. Xq 
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Now starting with the value of XQ and using Table 3 backwards, the 
rotations (L and the displacements X^ were computed. 
The corresponding values are 
0 
o 
= 0 
°1 = +0. 0157327 
(113) 
°2 = +0. 428319 
63 
= +0. 0261571 
X3 
= +1. 0000000 
X2 
= -0. 1639119 
(114) X1 
= -1. 0726994 
X 
o 
= -1. 0250720 
The final values accepted for the natural frequencies and mode 
shapes are given below in Table 4. 
Table 4. Mode shapes at approximate natural frequencies 
Mode 1° 2° 3° 
Approx. frequency P = 8.8 P = 26. 2 P = = 42. 2 
X3 +1. 00000 +1. 00000 +1. 00000 
X 
2 
+0. 74537 -0. 81777 -2. 60685 
X1 +0. 34904 -1. 14267 +2. 77551 
% +0. 01137 +0. 00173 - 0 .  07138 
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Now that the natural frequencies and the mode shapes for the free 
motion of this structure have been obtained, the uncoupled equations for 
the forced motion may be written. 
The characteristic vectors in this case are 
"X^ =[0. 34904 Gl , 0. 74537 Cj 
(115) lf2 =[l. 14267 C2 , 0.81777 C2 
1?3 =[2. 77551 C3 ,-2. 60685 C3 
1.00000 cj 
-1.00000 C2] 
1.00000 c3] 
The corresponding lengths of these vectors given by (83) are 
(116) 
lu1 = 1. 295 Cx 
L2 = 1. 723 C2 
Lg = 3.937 C3 
The unit vectors are then 
"e^ =[0.270, 0.576, 0.772] 
(117) "e2 = [0.663, 0. 475,-0.580] 
-?3 = [0.705,-0.662, 0.254] . 
The matrix Q is then by (49) 
0.270 0.663 0.705 
(118) Q = 0.576 0.475 -0.662 
0.772 -0.580 0.254 
and the transformation indicated by (56) is 
"x* 
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or 
(119) 
0. 270 0. 663 0. 705 
0.576 0.475 -0.662 
0.772 -0. 580 0. 254 
V 
X2 
x" 3 
Performing the multiplication of the right-hand side and matching 
terms results in 
(120) 
= 0. 270 x'j + 
= 0. 576 x" + 
0. 772 x'j^ 
0. 663 x'2 
0. 475 x'2 
0. 580 x*2 
0. 705 x'3 
0. 662 x1^  
0. 254 x'3 
Use of (71) finally procured the uncoupled equations of motion 121 for 
this case 
(121) x 11 + 2 n x" + x" = Q ^ a(t) . 
As in the case of the shear building, the values of n were assumed 
to be equal to the relative damping multiplied by the corresponding 
natural frequency. 
The matrices indicated in (121), written in full, with the numerical 
values replaced are 
0 0 k"± 77.4 0 
26. 2 0 ' * 2 0 686 
0 42. 2 x'i 0 0 
X» 8. 8 
(122) 
*2 0 
0 
0  x ' i  1 
0  X »  2 
1781 
x 3  
0.270 0.576 0.772 
0.663 0.475 -0.580 
0. 705 -0. 662 0. 254 
a(t) 
a(t) 
a(t) 
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Finally the uncoupled system of Equations 123 was obtained by 
performing the operations in (122) and matching terms. 
x" + 2 j (8.8) x'i + 77.4 x'j = 1.618 a(t) 
(123) x" + 2^(26.2)x" + 686.5 x% = 0.558 a(t) 
x*» + 2 f(42. 2)x% + 1781 x'^ = 0.297 a(t) . 
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IV. SOLUTION OF THE UNCOUPLED EQUATIONS 
A. Response Curves for Systems of One Degree of Freedom 
By means of the linear transformation (63) and through the use of the 
normal modes, it has been possible to transform the original system of 
coupled equations (5) into a system of uncoupled equations such as that 
given by (60) in the case of undamped free motion and by (71) in the 
general case of forced motion with viscous damping. 
The equations of either of these systems are of the second order, 
linear and with constant coefficients, and can readily be solved by 
standard methods of differential equations. However, some difficulty is 
encountered when the forcing function of the right-hand side of (71) is 
given by a graph and does not have a known mathematical expression. 
This is precisely the case when the forcing function is due to the accelera­
tions caused by the action of an earthquake. Nevertheless, even in this 
case a formal solution is possible by application of the superposition 
theorem. The variable, although expressed explicitly, is given by an 
integral which in turn contains the forcing function and therefore special 
methods are required to perform the integration when this function is 
given only by a graph. 
In particular the function a(t) which appears on the right-hand side of 
the basic equation of motion (71) is the acceleration at the foundation of a 
structure and is due to the seismic motion of the ground. 
This function is registered graphically by seismographs and con­
sequently the time-acceleration relation for an earthquake is obtained 
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graphically. Figure 5 shows a reproduction of typical accelerograms of 
actual earthquakes which occurred at Hollister, on March 9, 1949, and at 
Seattle, Washington on April 13, 1949. 
These accelerograms were reproduced from tracings of the original 
records published by the U. S. Coast and Geodetic Survey (11). 
The problem of solving the basic differential equations of a system of 
one degree of freedom when the forcing function is due to a seismic 
motion, has been intensively studied. For the sake of completeness and 
also to give more meaning to some possible comparison of results herein 
with those provided by other investigators, a brief review is given of the 
latest work done in the solution of this equation. 
Consider the basic differential equation for undamped motion when a 
structure of one degree of freedom is acted upon by an impressed motion 
of its support. 
(124) mx + kx = kxQ 
where Xq is the impressed time-dependent displacement of the support. 
Using the change of variable 
(125) x = x' + Xq 
results in 
(126) m x 1 + k x' = -m Xq . 
Designating the acceleration of ground by xQ = -a(t), produces finally 
(127) x ' + p2 x« = a(t) 
where p2 = k/m. 
For the case of zero initial displacement and zero initial velocity x1 
Figure 5. Accelerograms of earthquakes at Hollister on March 9» 1949 and at Seattle on April 13, 
1949 
•*h 
Hollister, California 
Accelerograph Record 
March 9,1949 
100 cm/t*c ' 
• # SW181* 
NW27V 
Seconds _ J _ 5 10 15_ _ 20 25 
Ui 
Seattle, Washington April 13,1949 
Accelerograph Record 
4* I I . . , i « I. . SW 182" 
\AAiWvy/^vvvMh'A/Vv^Vs| 
100 cm/sec.* NW 272" 
Seconds 6 10 ________ \§ ?0 2 5  .39 
4 
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may be obtained by application of the transform of Laplace to equation 
(127). 
S 2  £(x1) + p2 £ (x1) = £ a(t) 
(128) (x») = — j£ a(t) 
s2 + p2 
(X1) = £ £(sinpt) £ a(t) . 
Using the convolution theorem produces 
(129) x* — — J a(%) sin (t - 7") d % 
Now for a simple bent structure, the shear force V in the columns 
is proportional to the relative displacement of the girder to the base. In 
particular 
(131) V = k x1 = mp2 x1 . 
Combining (129) and (131) produces 
(132) V = m^L J a(7) sin (t - J)d 7 • 
/ o 
<. 
In the above equation the factor of the mass, m, is a function of the 
impressed acceleration a(t) and the period of the structure and may be 
evaluated for any time t. Because the dimensions of this quantity are 
the same as those for an acceleration, it is customary to represent its 
maximum value by A. 
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Therefore 
(133) V m A 
max 
where 
ft 
(134) a(7) sin (t - 7 )  &  y  
J°  
If viscous damping is considered to be present in the system, the same 
derivation will give (133) and (134) with only the difference that an 
exponential factor due to the damping force will be present in the 
integral in A. 
The plot of the maximum values of A versus the period of the 
structure for a given disturbance is called "response spectrum". Biot 
(I) used this designation. Since the forcing function in this problem is an 
acceleration it was designated by Housner et al. (5) "acceleration 
spectrum". Other designations as "influence line for the shear" or 
"shock spectrum" have also been given to this plot. 
The advantage of having a spectrum for a given disturbance lies in 
the fact that the equivalent static load may be quickly picked off the 
spectrum diagram for an elastic system of one degree of freedom. 
Since Biot's (1) early discussion of the acceleration spectrum, such 
work has been done on finding means of obtaining the spectrum from an 
existing acceleration record associated with an earthquake. White (13) 
has suggested a tabular form to be used with a method of numerical 
integration. Biot (2) introduced a mechanical analogy, the torsion 
pendulum, to evaluate the ordinate s of the spectrum. 
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Several investigators have "been using analog computers to determine 
these ordinates. Among them are Housner and McCann (6) and M. J. 
Murphy et al. (9). Housner et al. (5), using an analog computer, has 
obtained the spectrum diagram for fourteen important strong-motion 
earthquakes registered in this country. Figure 6 is a reproduction of 
the spectrum curve corresponding to the earthquake at Seattle, the 
accelerogram of which is in Figure 5. 
Although a spectrum diagram gives important information on the 
response of a structure under the effect of an earthquake, its validity is 
restricted to systems of one degree of freedom. Such information is 
largely of academic interest as Housner et al. (5) himself pointed out in 
his article. The minimum number of degrees of freedom that a 
structure such as a building may reasonably be assumed to have is equal 
to the numbers of stories. So any building except those of only one story 
will have several degrees of freedom. Consequently an acceleration 
spectrum of this type will not be applicable nor can these spectrum 
diagrams be used as a means to obtain the solution of the uncoupled 
equations. Although these equations are of the same form as the basic 
equation for one degree of freedom, they are functions of new variables 
x" related to the original variables x* through the normal modes; and the 
inverse transformation of these new variables will require instantaneous 
or simultaneous values of x" and not maximum values which possibly 
occur at different times. 
The foregoing analysis indicates the need of further development of 
the theory in order to find adequate solutions for systems of more than 
one degree of freedom. This dissertation presents an attempt to solve 
Figure 6. Acceleration spectrum curves for the component SW 182° of the Seattle earthquake 
April 13, 1949 
UNDAMPED NATURAL PERIOD-SECONDS 
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this problem and its purpose is to find a method which, using the theory 
of normal modes, will give the response of a structure of several degrees 
of freedom when it is subjected to a seismic motion. In other words, the 
practical possibility of employing solutions for a simple system of one 
degree of freedom in finding the response of systems of multiple degrees 
of freedom will be shown. In order to accomplish this it is proposed 
that for systems of one degree of freedom, detailed sets of time-response 
curves to a typical earthquake should be prepared for the range of 
practical values of periods and coefficients of damping. With these 
curves available, to obtain the response of a given structure of several 
degrees of freedom, one has only to select the curves corresponding to 
the properties of the structure given by the natural frequencies and 
damping coefficients, multiply the ordinate s of these curves by the 
appropriate factors given by the matrix <3 of the transformation, and 
add these products. This response could be displacement, velocity or 
accelerations for each of the assumed lumped masses of the given 
structure. A more refined method of getting this result is suggested in 
the Chapter VI. 
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B. Method Employed in the Solution of the Basic Equation 
1. The analog computer circuit 
By use of the method outlined in Chapter II , the system of 
differential equations of motion for a structure with "n" degree of freedom 
has been reduced to a system of "n" uncoupled differential equations of the 
following form 
(135) x+2nx+p2x=yA a(t) . 
a(t) is the ground acceleration due to an earthquake, and is given 
graphically by a time-acceleration curve. The term, "n", is a constant 
given by Equation (70) and p is one of the natural modes of vibration and 
it is also a constant for a given structure. The quantity ^ , is a 
function of the normal modes of the structure and is also a constant in the 
equation. If (135) is divided by and a new symbol is used, y = x^ , an 
equation of the form (136) is obtained. 
(136) y+2ny + pzy = a(t). 
With the help of an analog computer the solution of this equation is 
obtained as a voltage proportional to y, y or y , and this voltage can be 
fed into a brush recorder to arrive at the solution in a graphical form. 
Figure 7 shows the diagram of the circuit used in the analog computer 
to solve this equation. 
In order to show that the solution of the Equation 136 may be obtained 
from this circuit, the variables in this equation are changed using the 
Equations 137 and 138. 
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(137) y = P X 
(138) t = clJ-
X is machine units (volts) and T designates machine time. 
Differentiating Equation 137 twice with respect to time, yields 
d£ = £ dX 
dt a dT 
(139) 
ÊÎX - Ê ÉÎX 
dt2 a2 dT2 
Substituting the above relation in the Equation 136 and multiplying 
q2 
this equation by results in 
("0) dtç + 2na dX + pzaz x . ^  a(T) 
dT2 P 
a(7') is the accelerogram now referred to in the new time scale. 
If the diagram in Figure 7 is followed and it is assumed that the input 
voltage to amplifier is 
d2X 
° d72 
(141) eQ = 
then the output of A^ will be 
(142) el = R1C1 dj 
This voltage is applied to both amplifiers A^ and A^. The output of 
will be 
5r 
—y wvw— ni 
R. 
vWVWW 
—V/AV*-
& *5T 
-o*-
-vWf" 1 i 
-VW\Ar— < I N P U T  V  O L T  f \  G  E  
Figure 7. Electric circuit used in the analog computer 
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(143) ®2 R2C2 R^T[ X 
The output of Ag will be 
(144) e, = dX 3 R1G1 d J 
The output of the amplifier A^_ is given by the sum of the three input 
voltages as 
(145) % = - K, r " - K, ^ 1 1 2 1q ar -K1 r; R2c2 4 "i 1 
where E( J) is the input voltage to amplifier Ag . 
Equation 139 is rewritten as follows 
(146) = - 2 na H - p2 a2 X + ~ a(j) . 
d J2 7 p 
In order to satisfy the prediction Equation 141, the corresponding 
coefficients of Equations 145 and 146 should be equal, and the following 
design conditions will result 
<147' %2 % apY = 2™ 
,U8) Ki |  4-2 = p2a2 
(149) E(j) = -p- a(j) 
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Table 5 shows the values selected for the electrical elements which 
satisfy the design conditions 147-148-149, for undamped motion, and for 
five and ten per cent of the critical damping. The shallow-braced bent 
was analized only for a damping coefficient of five per cent of critical 
damping. 
The selection of the time scale was made on the basis of the time 
scale of the accelerogram used in these investigations. The accelero­
gram of the earthquake was plotted on an enlarged scale with thirty-
seconds of duration of the earthquake taking 190 cm. The input voltage 
porportional to the earthquake accelerogram was fed into the analog 
computer at a speed of ^ cm. per sec. ; therefore, it took 2(190) = 380 
seconds to cover the 30-sec. earthquake. 
Then the time scale from (138) was 
(150) a = 3^- = 0. 079 . 
The condition given by Equation 149 provides a relation to determine 
the scale factor p. 
The accelerogram used to provide the input voltage was plotted on a 
scale such that 2. 3 cm. corresponded to an acceleration of the earthquake 
equal to 100 cm/sec2. So one cm. in the plot corresponded to 43. 5 
cm/sec2. The input was such that for one cm. in the plot 4. 35 Volts were 
fed into the analog computer. 
The use of these numerical values in Équation 149 results in 
(151) 4.35 = ^ (43.5) 
or 
(152) (J = 10 a2 cm. per Volt 
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Table 5. Electrical elements for the circuit in Figure 7 
Shear Building 
Mode 
R3 R4 R5 K1 K2 
1st 0 1 1 5 10 10 0. 386 0 
0.05 1 1 5 10 10 0. 386 0. 088 
0. 10 1 1 10 10 10 0. 386 0. 196 
2nd 0 1 1 1 10 10 0. 562 0 
0. 05 1 1 1 10 10 0. 562 0. 237 
0. 10 1 1 1 10 10 0. 562 0. 475 
3rd 0 1 1 0. 1 10 10 0. 118 0 
0. 05 1 1 0. 1 10 10 0. 118 0. 345 
0. 10 1 1 0. 1 10 10 0. 118 0. 690 
Shallow Braced Bent 
1st 0.05 1 1 5 10 10 0. 386 0. 070 
2nd 0. 05 1 1 5 10 10 0. 386 0. 206 
3rd 0. 05 1 1 5 10 10 0. 386 0. 291 
R 10^ ohms 
C 10 ^ farads 
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(153) P = 0. 063 cm. per Volt. 
2. Method of excitation 
As was seen, in using the analog computer to solve Equation 136, a 
voltage input proportional to the ordinate s of the accelerogram should be 
obtained. 
The problem of obtaining such a variable voltage is of some difficulty 
due to the sharply-peaked curves of the accelerograms. Nevertheless, 
several ingenious methods have been used in solving this problem. 
Housner et al. (5) has successfully obtained this variable voltage in­
put through the use of a photoelectric cell, which scans a rotating film. 
The film was prepared by means of a special plotting table which plots a 
variable - width transparent path whose width is proportional to the mag­
nitude of the acceleration during the earthquake. 
Other common methods of obtaining a variable voltage have been 
devised. For example, Korn and Korn (7) gives a description of a method 
which utilizes a rotating drum and a potentiometer. 
The application of most of these methods to solve the problem of 
obtaining a voltage proportional to sharply-peaked curves would have 
been difficult if not impractical. 
To perform the experiments a very simple method was devised 
which utilized a small linear potentiometer installed above the sliding roll 
of paper on which the accelerogram was plotted. Then by a simple 
manual operation the movable tag of the potentiometer was driven along 
the curve, producing in this way a voltage proportional to the displace­
ment of the movable tag; therefore a voltage proportional to the 
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ordinate s of the accelerogram is obtained on the terminals of the 
potentiometer. 
To prepare the curves for this experiment from published curves as 
those shown in Figure 5, a pantograph was first used to double both 
scales. Then, point by point, the time scale was enlarged five times and 
the resulting curve was traced on a brush recorder roll of paper. Figure 
8 shows a portion of the accelerogram of the Seattle earthquake component 
SW 182°, as it appeared in the original publication, in double-scale 
plotting and in the enlarged time scale. 
There exists a mechanical enlarging apparatus to perform changes of 
the scale in a graph in any desired relation. The description of such a 
device is given in The U. S. Coast and Geodetic Survey (11). 
In order to attain a constant speed for the displacement of the roll 
where the enlarged curve was plotted, a brush recorder was used as a 
simple way of translating the paper. The potentiometer was conveniently 
installed in a bridge above the face of the brush recorder. A pointer was 
attached to the movable tag of the potentiometer. A convenient voltage 
was supplied to the potentiometer and by a simple tracing with the pointer 
on the sliding curve, the desired voltage was obtained. 
The characteristics of the potentiometer used in this experiment 
were: 
Manufacturer Bourns Inc. 
travel 1.34 inches 
total resistance 1,000 ohms 
linearity +0.5% 
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operating temperature -55° to + 175° C. 
Power rating 1.0 watt per inch of coil at 40° C. 
In order to study the accuracy of this method in obtaining the input 
voltage for operating the analog computer, an experiment was performed 
in which the variable voltage obtained by tracing the accelerogram of the 
Seattle earthquake was directly supplied to a brush recorder, and the 
curve generated was compared with the original. This comparison was 
very good and showed an almost perfect coincidence except in a few too-
steep pieces of the original accelerogram. Even this difference could be 
easily eliminated by simply enlarging the time scale farther. Figure 9 
shows a portion of the original accelerogram in the enlarged scale and the 
corresponding portion of curve generated by this method. 
To give more evidence of the merit of this method of generating the 
variable voltage and also to check the reliability of the use of the analog 
computer in solving the basic differential equation, a set of experiments 
was conducted to solve the three-degrees-of-freedom system with a 
harmonic forcing function acting instead of the earthquake. The details of 
these experiments, computations and comparisons of results are given in 
the following sections of this chapter. 
Accelerat ion 
t ime 
Accelerogram enlarged 2  t imes  in  ordinales  and 10 
t imes  in  abscissa  from the original  
'
1  Accelerat ion 
cr* 
t ime 
Accelerogram enlarged 2  t imes  in  ordinate  s  and 2  t imes  in  
abscissa  from the original  
Accelerat ion 
t ime 
Accelerogram in original  scales  
Figure 8. Portion of the Seattle earthquake in various scales 
A Accelerat ion Accelerogram traced from original  
t ime 
Accélérat ion Accelerogram obtained using proposed method of  exci tat ion 
t ime 
Figure 9. Portion of the Seattle - earthquake .accelerogram. 
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C. Solution for a Simple Harmonie Motion of the Ground 
1. Analytical solution 
It is the purpose here to present under the assumption of the shear 
building an analytical solution for the structure shown in Figure 3 when 
it is acted upon by a harmonic motion of the ground. 
The undamped equations of motion of this structure are given by the 
system of Equations (5) which for this case of n = 3 is 
(154) mlxl + (ki + k2)xl " k2x2 = "mi x0 
m2 'X'2 - k2x« + (k2 + k3)X^-k3X'3 = -m2 X'Q 
m3 X3 " k3X2 + k3X3 = -m3 Xo 
where x* is the relative displacement of the mass m. with respect to 
the ground displacement Xq, and xQ is the corresponding acceleration 
of the ground. 
Although the system of Equations (154) can be solved using standard 
methods of the differential equations theory, it was preferred here to 
make use of the solution obtained through the use of normal modes and the 
corresponding transformation to an uncoupled system of equations. 
The details of this transformation were outlined in Chapter II and a 
numerical application was worked out for this structure resulting in the 
general Equations (96) which for the undamped case are 
x'j" + 124.1 x"i = 1.640 a(t) 
(155) "x*2* + 904 x*^ = 0.506 a(t) 
"x* 3 + 1900 x" = 0.230 a(t) 
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where 
(156) a(t) = - XQ 
xq being the absolute displacement of the ground and x'J is related to the 
absolute displacement of the mass m. through the transformations 
given by Equations (4a) and (63). 
Equations (155) are of the general form 
(157) x'J + p2. x'J = ^ a(t) 
where 
Pj = 11.14 rad/sec - 1.640 
(158) = 30.07 rad/sec ^ = 0.506 
Pg = 43.64 rad/sec ^ = 0.230 . 
Dividing Equation (157) by ^\. and rewriting it in terms of new 
variables, y^, results in 
(159) y. + p2iy i  = -x0 
where a(t) has been replaced by xQ using the definition given by Equation 
(156). 
Now for the purpose of numerical applications let the displacement of 
the ground be given by 
(160) x = ^ cos 4 v t 
° (4tt)2 
or 
x = 0. 275 cos 4 ir t 
o 
70 
Now substituting the above value of xq in Equation 159 gives 
(161) y ^  + p2 y. = 43.5 cos 4vt. 
The general solution of this equation is 
(162) y. = A. sin p. t + B. cos p. t + y„ v  
'  
1 1  l  c i  i  r i  J p  
where the first two terms constitute the homogeneous solution and y^ is 
a particular solution. 
By assuming 
(163) y = C. cos 4 v t 
x 
' 'p l 
and using the method of indeterminate coefficients results in 
(164) - (4tt)2 C. + p2 C. = 43.5 
then 
43.5 (165) C. = 
1 
~(4ir)2 + p2 
Substituting above the corresponding values of p. gives 
C 1  = -1 .28  
(166) C2 = 0.0582 
C3 = 0.0257 . 
Replacing y^ in Equation (162) and differentiating this equation with 
respect to time, t, results 
(167) v = A. p. cos p. t - B.p. sin p. t - C. (4ir) sin 4 v t. 
'p 11 ri vi rl 1 
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Use of the initial condition y. = 0 in Equation (167) gives A. = 0 
and use of the other initial condition y\ = 0 in Equation (162) gives 
B. = -C. . 
l l 
Finally, replacing the corresponding numerical values in Equation 
(162) results in the solution of the uncoupled equations for this problem. 
y^ = 1. 28 (cos 11. 14 t-cos 4 ir t) 
(168) y2 =-0.0582 (cos 30.07 t-cos 4 ir t) 
y g =-0. 0257 (cos 43. 64 t-cos 4 ir t). 
2. Solution using analog computer and sine-function generator 
With the same circuit in the analog computer as shown in Figure 7 and 
with an input voltage supplied by a sine-function generator, the Equations 
(161) were solved for the three values of p^ given by Equation (158). 
The solution was obtained graphically by the brush recorders which 
were connected to the output of amplifiers A^ and A^. Consequently, 
curves with ordinate s proportional to displacements x. and to the 
accelerations x. were obtained. A copy of one of these curves may be 
seen in Figure (10). 
3. Solution using analog computer and proposed method of excitation 
The basic equations (161) for the three values of p. indicated in 
Equation (158) were also solved with the use of the analog computer. The 
same circuit shown in Figure 7 was used, but now the input voltage was 
obtained utilizing the technique already described to produce a voltage 
proportional to the ordinate s of a given curve, that is, moving manually 
the pointer attached to the potentiometer, but now over a sliding cosine 
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curve instead of the earthquake accelerogram. 
By this procedure again the displacement and acceleration was re­
corded on the same scale used with sine-function-generator experiment. 
Figure (10) shows one of these curves. 
4. Comparison of results 
In the present section the basic equations of motion for an undamped 
system with a harmonic forcing function were solved by three different 
methods: (1) analytical solution, (2) use of the analog computer in con­
junction with a sine-function generator, and (3) use of the analog computer 
and the proposed method of excitation to obtain an harmonic voltage. 
Visual comparison by superposition of the curves obtained by these 
last two methods for displacements and for accelerations, shows an 
almost perfect agreement between the corresponding curves. Only in the 
acceleration curves it is possible to detect in some points slight differenc­
es, which are possibly in the range of the precision of the recording 
instruments. 
Finally, with the help of the analytical solution, Equations (168), 
several values of x^, and x^ were computed for selected values of t. 
The results are indicated with small circles in Figure (10). 
Table 6 shows the numerical values taken at the maximum of these 
curves and the corresponding analytical values computed from the 
equations. 
In conclusion, all these comparisons proved a remarkable agreement 
of the results, therefore, the procedure devised to obtain a variable volt­
age, and in general the whole method of solution of the basic differential 
r 
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equation through the use of the analog computer seems to be reliable and 
practical. 
Table 6. Comparison of maximum displacements 
Mode Theoretical Experimental 
1 2.5600 2.540 
2 0.1164 0.112 
3 0.1114 0.110 
D. Solution for an Actual Earthquake 
1. For the shear building 
With the help of the analog computer, and with the use of the circuit 
shown in Figure 7 and the method of excitation described in a previous 
section, the uncoupled equations of motion were solved. 
For the case of shear building the equations were solved for three 
values of the relative damping coefficient | 0, 0. 05 and 0. 10. 
The accelerogram of the Seattle earthquake of April 13, 1949, was 
selected for these experiments. 
The output of amplifier A^ was recorded, thus obtaining a curve of 
ordinate s proportional to the acceleration. Of course, if it is desired, 
the displacement or the velocity may be obtained as the output of 
amplifiers A^ and A^ respectively. In the experiments performed in 
connection with this research, it was decided to record the acceleration 
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in order to obtain directly numerical values which might be compared 
with empirical values of the acceleration prescribed in the building codes 
for seismic design. 
Figures (11), (12) and (13) show, after reducing the time scale, the 
acceleration curves recorded corresponding to the three values selected 
for the relative damping coefficient. Figure 14 contains the accelerogram 
of the Seattle earthquake plotted in the same scale used in the preceding 
Figures. 
2. For the shallow-braced bent 
For the purpose of illustrating with a numerical example the solution 
of the shallow-braced bent, an experiment was performed by the same 
procedure used in the shear building. 
selected and also for this experiment only the voltage proportional to the 
acceleration was recorded. Figure 15 shows the resulting curves with 
the time scale conveniently reduced. 
For this experiment a relative damping coefficient, 
7S 
— y* - v—'— —*• • — >- . , - f - t-*• — «>• f^~ —*- -j"-,- W; 'T^T^T' fft-L7r.-,-f:;-.-/:f-^fc-X.ry .% —•j~r.-fr--t '•'• t- / ? —T %±r J: :.Jr. -»-.: JEvfayjr.au:-pt^r.J^£iyzr r-T f~- I - f- P 1 - ; -: ,ï_ -f l~ l f~ " f T—>—t "f— 
r f: .derxi^ .^v Q, '-^ f"'f T" cjE5fc-'j-.-nF- • fr f 
«r BRUSH BJeÇXROWCS COMPANY  ^
lEFF.-EÊ 
c>. -.frt 
r 
-- »-J- • -.-i — -I •• • «•• t- •»*— - - #•— -fc- < * - f • - i • - f « f"*1 -•4' - * »•• • f --• 't - - *- « 
: srf. T-"- "4 - ' t/^VXpj:.- :[ ~-~f '- f •-{•'•jt ~V 1 
- • L -• -+ wC-.^ — - - p— -» .— -.- »--- • # - --f — •/— v i— — —- r—••• --•-' i • <• •- — W-—• • • » e>^  -* 
- p—-fi2- * - y- f — -F-H—r " ,r •}• y • * • T-- i—ri - ' ' "nr ' * ' - "* •— - L—-  ^ . f -«— - -f- • • - » I* • V- - 4 — è ' — |  ^ 1 '» • • • ^  X* 4- *• t 
- - -Jl I - I - "-À- • - • ••-—• •—*»• - I •»- - - - * - ff** •»——•*• f - » • +» • • f • 4 ^ I — | — » • 
—*-*Tu • tp-——V* -- ' — T- ~ ir7—i— ; -*V- ^ - | — -• if~ t —T— i . '-:'_ 
• i • w • - - • >•* -i F'^ - •. »— 
— ' X - - ' !  1 — -yT ~~~~ 
r ^ '  ^  
'-'-V-^ 4 -^ T -^r-^ -v 
— —» • -^ A- --» • — -y— - >• J" «ti.. -A-* v^- — 
- .. — — ti 4- . fc- •— * - — • - • * . —~-
.. A •*• ^  — f--* *# .. -«• i •# i* — , 
:^y-i 
» -1—  ^ -  ^ •*! 
- ••*• • - -%• *w • *• 
es-AK-:. w: su ^tp.vs-r?,. ; • £CTRt)NTl r.S COXIPAN Y 
- —- » ***^  ^"i "^ .y r * '^ y* * *• i t ^  • 
. —T.: % _ L -I..l -~pr 5 ^ ^ >  * " v  *  ~ i ' ^ 
Figure 10. Sesponse curves for equation y l + 124.1 y1 = 43.5 cos 4 -r t. 
The first two curves were obtained using an input voltage 
gqgpiied by a sine-fonction generator and for the last two 
curvte® Our input voltage was produced by the proposed method 
of excitation 
2* » • -4— - • *»" • r*— "f ' " • ié • ^  — • f —- • — -• » • •' • • / 4 -• « * . — » -i • -• •••—->•» •*— —i --. f~ •• - •— » * - •• 41 —• - - r— • Xa» f ' **-f - - 'f ~~""" t*" * T ' — | *n "f" —»•»•• • • 'f-' « • - 1 — 
J ^y ~ ' 
-.?n NO. 3L 90S 1U- " Z — —' - BRUSH ELECT^milCS^COMPANY 
. <»RlNTtO lM U6A 
miS # • # - 4- «£-* - . «. . — » * - • P i • • • 4» -• 4 •* - y •»•  ^ - i & i.— • M" •!" - #- w». /• • i - à-. iHfc!» 'y^ 1 ^  r ' • «A** '. * 
- —» - »  ^- -y ~ j' i "1, i**^ X ,' t  ^"p* • ^   ^  ^^  / m "r * "~T ", ,^ * | * —» - - ".^  f ^   ^
— •• **• * fr w-— • • * - * f * •• «i '# »• »— 4* - • * - » j "* -# - t> «f •» • - t - - * .. .A •.«* 4' A 4 —• -— *- ^  
z]. * : • •: __£ • . r:^r-^b rxnr^Trf^p^rrr^.. r.-p^r.-h. : |7 -tiz 
• r — • £ ^  • V •-- - - - --«•-— y—— *" • *• J —- ••» * *•{' * • | - —* k -» i i '4, i • *# #4 • <->A«V J i - -J -4 " I —*»-#•— —« • • -^ • - — • mm # >•• •  - —' t »— -f -^ *T• . — -"' > -t—i f— — m • —* - • • — i 4 * • *• - - —• •«*- • • ••» ^  •-•»•» - ' t *-
~ ••"••*'• ~~ •» • - 1 — i—r-?—|—! _T":'—1—T " r ' ' " 1'—F* ' . "  ^ • • -» • » *• V «II—**Lwm I ^ »-.- • .. '. V— « fl - t «» !•• . - - J ' . *• *w 
•4 - • * '#** i •- •— • è • ' »- - -• • - • y- - ^ •«•- •- - 4* * j -- — —• -  ^— l •. A — i «4 • • f 9-  ^—w • t. • Z - * - - •*# .i• »•* 
^  •  i  - i  •  • ' t • ' k  T r ^ T T r ^ r r " ^ T r  -  -  • —  
• f • f - -* «•• • • • f —-' - i - - ' f— ' -# • **- •»••- .#-»' * —*- —• , fc * ^ -I - • •• • -4 * —— V ' ' A —••* s -•*yl  ^- -i • • • - • . — ^ * . -w »' " • — - r-'» - *• -^ - y — L* | - V - f*- - • W - 4 . # •• • ^  » N • ••' — ##* *4 -»* —' ' _' » ..T—T  ^- T yr^  * T~ * -fc # # • - - - v ' • *-4 • - L 
•'X •' ' « ««.« . i i^iTvTrrT. *— 
- — t— — -,- —• • - - * • • - V —- V— - » •+- » —* . — 4 •• l. . . •. -..*... t.. , . +••• -e- ---4*C-*<• i - ••%• • •  ^ • - «-.* f • • v ——i- - k* - v« - -i . w i - i- . v — y -. 1-i.i •-* «4 * 
•I— i. *" ^ * ^* ~ ' * "77"  ^ w '.^  _ ' t— • — 
SL AÔe KRL-SH ELECTOONICS 
=.  ^
CHART NI 
- rf- -±7- Lt- — -^-\- : 3 tr^.-i.: * 
1: tr5fcv4~ 4.-tJr~ V 
fox- fhe 
iiiiifii!?! 
30 
à, 
*0 50 

77 
100 
0 
-100 
fli m/wHZ\ 
• • i - --! — ! 
!• ; j -f 
TTT"—r 
W,A 
1 : 
'V  
m 1 ; • - •:• "i ' 
i _ 
-J... -, -,... -j---- -j- r 
- -j 
f" 
~r~ -
4-
100 
0 
«100 
H  w##c& 
™ r r " i "  
; 
"™ h• 
. i . 
•  V ; . .  V: 
1 r • 
i:.: 
I i -I l~ 
v v A/V-t/JV » u'V % v" /Vji; \(\ ,'V 
*•* *1 •*"!*" r- • * - j • * • • • • -i - -* : • • ^ ^ y - -  
— f 
- J —  
! : 
-f •' "i" 
T~ -T 
..._L .:' 
100 
0 
-100 
' I .- -• l""l 
» 
• - • •*• • ? - • , — 
.;. ... -j, . -j ; -
1_- Î 
..j.. 
•; : 1 
TT • T •: 
10 20 
Figure 12. Acceleration response curves, y y^ and y^ for the shear building. 
ag. Damping coefficient, f = 0.05 
i 
50 
1 
60 
78 
j-
LT.ÎX 
Vw 
•i ^  \)v If/IA11  ^WW > v -jv^v^^^vv;vw^»' ryvrv*=^f 
•100 
I 
10 20 
$*tgure 13. Acceleration, response curves, y j, y ,^ and y ^  for the shear building. I 
Wv'y\/ty/U\^J 
V 
T" 
L - 1  T *î™ 
ir 
<- r-: 
A'\ 
• I 
—h 
«S? 
rr 
ï ~r 
-i-r-
i—r 
! i 
•4—• 
! • :  
m- 4-
-4-
1 "  ' - r r T '  
• - —i —» j- • • • - il»- • J • «• — 
-! i . ; ? 
—1 r "*-t r—! 
t f \ f v  
• I • r i T 
—TT 
•t 
•**' 
Ebift 
! J 
-l L 
i -
•4= 
: -f 
r * 
i 
* * - • * # * —- • » - -
tleE: 
50 *> Sec onds 
79 
1 
I 
Figure 14. Accelerogram of the Seattle earthquake 
rrr 
ifflillliliilllBSlllifflyiSaBSB! 
JVW'UM* 
10 20 
Figure 15. Acceleration response curves, y'p y2, and y 3 for the shallow-braced bent. 
• r .  

Seconds 
81 
V. SOLUTION OF THE COUPLED EQUATIONS 
A. For the Shear Building 
In the preceding chapter a method of solution of the uncoupled 
equations corresponding to the motion of a structure subjected to the 
action of an earthquake was presented. By use of this method the solu­
tions of the uncoupled equations may be found to be given, in general, by 
time-response curves. Also an application of this method was made to a 
three-story building and the acceleration-time curves were obtained for 
the response of the uncoupled equations. 
Once these response curves are obtained it is necessary to apply only 
a linear transformation to the values of their ordinate s in order to obtain 
the solutions of the coupled equations of motion, thus obtaining the re­
sponse of the structure at any time, t. This response may be obtained as 
displacement, velocity or acceleration for each one of the masses of the 
structure. 
Since the transformations to obtain the solution of the coupled 
equations from the solution of the uncoupled equations are linear, and 
also homogeneous, the same formulas maybe used to perform these 
transformations for the displacement, velocity or acceleration. 
Now a summary of procedure is presented for obtaining the solution 
of the structure shown in Figure 3 under the assumption of shear building. 
From the response curves for the uncoupled equations, the displace­
ment yj, y 2 and y^ maybe obtained at any time, t. These quantities are 
the solutions of Equations (96) with numerical coefficients equal to one in 
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the right-hand side of the equations. Therefore a first transformation is 
x'j* = 1.640 yj 
(169) = 0.506 y^ 
x'^ = 0. 230 y g , 
Now the above values are replaced in Equation (88) giving 
xj = 0. 499 y^ + 0. 348 y^ + 0. 152 y^ 
(170) x£ = 0. 951 yx + 0. 210 y^ - 0. 161 y 
= 1. 240 y^ - 0. 302 y2 + 0. 063 y^ 
Equations (170) give the displacement of the three masses of the 
structure relative to the displacement of the ground. The absolute dis­
placement may be found from 
xi = xi { xo 
(171) x2 = x2 + xo 
X- = X' + X 3 3 o 
Replacing here x^, x^ and by the expressions (170) gives 
Xj = 0. 499 y^ + 0. 348 y2 + 0. 152 y^ + Xq 
(172) x2 = 0. 951 yx + 0. 210 y^ - 0. 161 y, + xQ 
x3 = 1. 240 y^ - 0. 302 y2 + 0. 063 y3 + xQ . 
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Equations (172) give directly the absolute displacements x^, x^ and x^ 
of the three masses of the structure in function of the solutions y^, y^ 
and y g of the corresponding uncoupled equations and in functions of the 
displacement xq at the support of the structure. 
By simple differentiations of Equations (172) the absolute velocities 
or the accelerations may be determined as well from the corresponding 
velocities or accelerations response curves for the uncoupled equations. 
Usually the interest will be concentrated in determining maximum 
values for these quantities, thus the maximum effect of the earthquake on 
the structure. 
In order to find these maximum values, a procedure could be found to 
operate on the response curves y^, y^> y^ and on the earthquake dis­
placement Xq, such that will give x^, x^, and x^ as a result. This pro­
cedure could be a mechanical or geometrical method that will multiply the 
ordinate s of the curves y^, y^, y^ and xq by the corresponding numerical 
factors in the Equations (172) and that will finally total these products. 
The use of an analog computer to perform this operation would be 
very desirable if an easy method were found to obtain the necessary 
voltage proportional to the ordinates of these curves. 
As a simple method of determining the maximum accelerations x 
x 2> and~x y a trial-and-error procedure was used here. Table 8b 
shows the values corresponding to these maximums and Tables 7 and 8a 
show the values obtained from the time-response curves and correspond­
ing absolute accelerations computed at a few selected time values. To 
measure the ordinates of the corresponding curves 
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y" l »  y 2» y  3  and also x q, the large time scale graphs that were given by 
the Brush recorder were used. 
B. For the Shallow-Braced Bent 
By repeating the same calculations as were made in the preceding 
section in the case of the shear building, the absolute displacements for 
this structure may be found. 
The transformation ( 169) should be written for this case with the 
numerical coefficients given by the right-hand side of Equation (123). 
Then these equations are 
x'| = 1. 618 y^ 
(173) x'£ = 0. 558 y2 
x1^ = 0. 297 y2 . 
Then by the use of the transformation given by Equations 120 the 
relative displacement x^, x^ and x ^  may be expressed in terms of 
y^, y g and y^. Finally use of the transformation (171), will give the 
absolute displacements x^, x^ and x^. 
After performing all these operations, the result was 
Xj = 0. 437 y^ + 0. 370 y g + 0. 209 y g + xq 
(174) Xg = 0. 932 y ^  + 0. 265 y g - 0. 197 y^ + xq 
Xg = 1. 249 y^ - 0. 324 y2 + 0. 075 y^ + Xq 
Table 8 shows some numerical values for the acceleration x 'x^ and 
Xg which were computed from direct measurement in the corresponding 
response curves y^, y2 and y^ the values of which are shown in Table 7. 
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Table 7. Acceleration values obtained time-response curves for the uncoupled equations 
V'i 
cm/ sec2 
5 5 60 -10 -5 7 10 12 
10 
o
 
N
 1 -40 -20 -65 9 10 -49 
15 -102 120 -160 25 20 52 5 
20 20 540 -240 25 30 14 24 
25 140 440 100 0 5 9 16 
30 220 -520 230 35 25 10 26 
Shear building 
f * 0 [ = 0.05 
•  •  • •  • •  • •  •  •  •  •  
Time Y 2 Y 2 *3 *1 Y 2 Y 3 
sec cm/sec2 cm/sec2 cm/sec2 cm/sec2 cm/sec2 cm/ sec2 
DUS 
Shallow-braced bent Ground 
H e0. 10 ^=0.05 acceleration 
, , •• •• •• •• * e 
y 2 y 3 ?1 >2 ^3 xo 
3C2 cm/ sec2 cm/sec2 cm/sec2 cm/sec2 cm/ sec2 cm/ sec2 
-20 -2 5 2 -8 - 0. 87 
-11 -13 -40 -8 29 -42.60 
42 6 42 -9 11 - 6.52 
11 -8 40 -38 -19 9. 13 
10 -10 22 -51 -2 12. 17 
-20 2 45 -21 8 - 7.83 
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Table 8a. Absolute accelerations for the three lumped masses of structure in Figure 3 
Shear building 
r - °  J r0. 05 
Time X1 x 2 x 3 X1 x 2 X3 X 
sec cm/sec2 cm/sec2 cm/sec2 cm/sec2 cm/sec2 cm/ sec2 cm/ 
5  20. 99 18. 10 - 13.42 0. 59 - 5.76 - 8.55 - 2. 
10 70. 94 - 66. 80 - 56.58 -70. 38 -104. 34 -125.29 -72. 
15 - 39.98 - 52.56 -179.32 20. 82 13. 15 21.72 11. 
20 170.55 180.19 -144.27 34. 17 35. 95 31.95 23. 
25 250. 35 221. 61 59. 19 15. 28 11. 93 11.23 22. 
30 - 44.05 55. 16 436.50 19. 86 29. 10 28.65 -  1 .  
Shallow--braced bent 
f-0. 10 ^ - 0 .  0 5  
X1 x 2 X 3 X1 x 2 x 3 
cm/ sec2 cm/ sec2 cm/sec2 cm/sec2 cm/ sec2 cm/ sec2 
- 2. 15 8.40 20. 72 0.38 5. 90 4. 13 
-72. 85 -89.42 -100.21 -56.98 -87.71 -87.80 
11. 50 6. 09 0.41 10.80 28.07 49.68 
23. 72 35.55 35. 06 8. 58 40. 08 69. 98 
22. 11 31. 10 28. 36 2. 45 19.55 39.66 
- 1.51 12. 32 30. 58 5.74 26. 97 55.78 
86b 
Table 8b. Maximum absolute acceleration for the three lumped masses of 
structure in Figure 3 
Structure Time (sec) Damping (j) Max. acceleration 
(cm/sec2) 
Shear building 17. 3 
18. 0 
29.9 
14. 4 
12.9 
12. 9 
11. 4 
11.4 
13. 0 
0 
0 
0 
0. 05 
0. 05 
0. 05 
0. 10 
0. 10 
0. 10 
Xj = 318.3 
x 2 = 376.6 
x g = 453.8 
Xj = 105.7 
x 2 = 143.9 
x g = 175. 3 
x j = 92. 6 
x 2 = 130. 8 
x g = 155.8 
Shallow-braced 13.0 
bent 
13. 7 
13. 7 
0. 05 
0. 05 
0.05 
x j = 100.4 
x 2 = 154. 9 
x g = 206. 1 
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VI. DISCUSSION 
Because of the complexity of the problem in determining the effects of 
an earthquake on a building, no definite solution can be expected on the 
basis of the present research. 
This complexity arises from two sources: (1) the disorderly type of 
motion of strong-motion earthquakes, and (2) the difficulty of determining 
the actual properties of a structure. Possibly it is the interaction 
between these two factors that adds a great complexity to this problem. 
Under the action of a specific earthquake not all buildings will react 
in the same way and on the other hand, not even two similar strong-
motion earthquakes will produce the same response on a given single 
structure. In general the effect of an earthquake on a building depends to 
a large degree on the relation between the properties of each structure 
with the characteristics of each earthquake. 
However, some important conclusions may be deduced from this 
research. In the first place, a sound theoretical and experimental 
approach to the solutions of the seismic structural problem is feasible, 
and second, the design through the use of a constant seismic coefficient is 
a rough approximation to a factor which is essentially variable to a large 
extent. 
It is the author*s conviction that each of the techniques used in the 
applications presented in this work can be and should be improved in 
order to obtain the best results. Specifically, the method of obtaining a 
voltage proportional to the ordinates of the accelerogram could be per­
fected or substituted by a more accurate procedure. Also it seems to be 
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highly advisable to obtain a permanent record of this voltage so it can be 
reproduced easily when desired. 
Finally, the procedure of obtaining the response of the uncoupled 
equations in curve form, makes necessary the determination by graphical 
or arithmetic calculations of the solution in terms of the original variables 
of the system; and this determination appears to be cumbersome, if not 
uncertain. These inconveniences may possibly be eliminated by record­
ing the output voltage from the analog computer in the tape recorders, 
and then with the use of the analog computer with these voltages as input, 
the required superposition for the solutions of the uncoupled equations 
can easily be realized and the response-time curve can be obtained 
directly as an output voltage proportional to the original variables of the 
system. 
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vn. SUMMARY 
A method of investigating the effect of an earthquake upon a structure 
has been developed, and an application to a three-story building has been 
presented to illustrate this method. 
With the concept of lumped masses at the floor levels of a building, 
the original dynamic problem with an infinite number of degrees of free­
dom due to distributed mass has been transformed to a problem of "n" 
degree of freedom, one for each story of the building. Furthermore, in 
relation to the flexibility of the structure, the three-story building was 
studied under two different assumptions: (1) the usual assumption of the 
shear building, girders infinitely rigid, and (2) the assumption proposed 
by Goldberg (4) in which the rotations of all the joints at a given level are 
replaced by an average value. Under the shear building assumption with 
the help of the free-body diagram, the equations of motion for each lump­
ed mass of the structure were established in function of the elastic and 
damping properties of the structure. Then by an appropriate transform­
ation of variables, which is a function of the natural frequencies and 
modes of vibration, the coupled system of equations was transformed into 
a new system of uncoupled differential equations, that is a system in which 
each equation contains only one of the variables. La this new system each 
differential equation is linear of the second order, with constant 
coefficients and with a forcing function given by a time -acceleration 
relation of the disturbing force, which in the present case is given by the 
accelerogram of the earthquake. 
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Solution of the uncoupled equations was accomplished with the use of 
an analog computer in which a circuit was designed to simulate this 
second-order differential equations, and an output voltage proportional to 
the desired quantities, displacements, velocities or accelerations was 
obtained. 
The problem of providing the analog computer with an input voltage 
proportional to the ordinates of an accelerogram was overcome by using 
a linear potentiometer in which the movable terminal was displaced 
manually over the accelerogram of the earthquake, thus producing the 
desired voltage. This method of obtaining the input voltage, as well as, 
all the procedure used in the experimental part of this research, were 
constantly checked by the same experiments with a harmonic - type function 
for which the experimental results can be compared with the known 
theoretical solutions. 
The solutions of the uncoupled equations were obtained by time-
acceleration curves given by a Brush recorder. 
In order to obtain the solution of the coupled equations in terms of the 
original variables of the system it was necessary to compute the weighted 
sum of the response curve for the uncoupled equations. The coefficients 
in this sum being given by the corresponding linear transformation used in 
the change of variables. 
In using the assumption of equal rotation of all joints at a given level 
of the structure, the basic slope deflection equations were used and by 
a method of successive approximations the natural frequencies and the 
normal modes were determine. Hence the required matrix for the trans­
formations and the uncoupled equation of motions were established. 
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VIII. SUGGESTED TOPICS FOR FURTHER INVESTIGATIONS 
The response of a structure to the action of an earthquake is highly-
dependent on the damping present in the system. In selecting the numeri­
cal values to be used in the applications presented here, the author has 
found that there exist much uncertainty on this subject and therefore 
further experimental investigations need be made. 
Now specifically in regard to this dissertation, the following topics 
may be suggested for future investigations: 
1) Experimental investigations using the tape recorder, along the lines 
discussed in this dissertation. 
2) Application of the method proposed in this thesis to a large building 
which has been analized by other investigators. For example, the 
Alexander Building in San Francisco is suggested. This structure has 
been studied mathematically by Blume (3). 
3) Preparation of standard curves or tapes for typical earthquakes and 
for the corresponding response of one-degree-of-freedom systems in con­
venient ranges of natural frequencies and damping coefficients. 
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